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Examen Pré-Doctoral
Rapport écrit pour le jury:

Pierre Mckenzie (président), Jian-Yun Nie (membre du jury),
et Yoshua Bengio (directeur de thèse)
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Chapter 1

Introduction

Artificial perception is the keystone of Artificial Intelligence. By giving computers the
ability to extract meaningful data from signals such as speech or vision, computers will
finally gain the ability to perceive, reason and interact with the world. Obviously, this
is not a trivial task: natural signals are the result of complex non-linear interactions
between a huge number of factors. “Intelligent” processing thus amounts to discarding
useless sources of variations (e.g. those due to lighting, pose or occlusions) and focusing
on the subset of factors which are of interest to the task at hand (e.g. object identity).

Traditionally, this has been approached by hand-crafting feature detectors which
are specific to a given modality and known to have the desired properties. For exam-
ple, SIFT features [30] were specifically developed to be robust to scale, lighting and
small amounts of rotation in an image, making them ideally suited for object detection.
Feature engineering is very labour intensive however, since features must be redesigned
for every modality and potentially for each task. Also, it is not clear how one could
go about crafting features to be invariant to complex transformations like out-of-plane
rotations, or robust across higher-level abstractions such as “animal”. It would be ideal
if such features could be automatically learnt from training data. This would allow
features to be tuned automatically in order to maximize the performance on the given
task, while only requiring the development of a single algorithm. To this end, we turn
to the field of Machine Learning, which has shown, since the inception of the Artificial
Neural Network, that this is indeed an achievable goal.

This document is structured as follows. Chapter 1 provides a quick review of machine
learning at large, including both supervised and unsupervised learning. Chapter 2 then
moves onto the topic of Deep Learning. We present existing training algorithms for the
Restricted Boltzmann Machines and methods for estimating their partition function.
In particular, Section 2.3.2 reviews the SML-PT algorithm, which was developed as
part of our masters’ thesis. This algorithm serves as the basis for most of Chapter 3,
which introduces several improvements to the SML-PT algorithm and presents a novel
partition function tracking algorithm. This work is the result of the first two years of
the Ph.D. program. Finally, in Chapter 4, we tackle the difficult but related problem of
modeling and propose two avenues of research.
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1.1 Introduction to Machine Learning

The goal of Machine Learning (ML) is to develop algorithms which learn to model
statistical regularities in data, such that it can apply this knowledge to novel situations.
An ML algorithm thus takes as input a set of training data D and outputs a function
f∗ ∈ F , which is optimal in some respect. The fitness of a function to model or make
predictions on D, is encoded in a task-specific loss-function L. f∗ is then defined as the
function which minimizes the average loss on the training set, a procedure known as
Empirical Risk Minimization. Mathematically, this translates to:

f∗ ← arg min
f∈F

1
|D|

∑
x∈D
L(x, f) := arg min

f∈F
R(D, f), (1.1)

where R(D, f) is a short-hand notation for the empirical risk. Given a sufficiently wide
family of functions F , we can always minimize R(D, f) to an arbitrarily small value.
To properly evaluate f∗, we must thus consider its performance on a separate held-out
set called the test set Dtest. If R(Dtest, f

∗)� R(D, f∗), f∗ is said to be overfitting and
performance will suffer in practice.

There are two strategies for preventing overfitting: (1) we can pick F to be small
enough, such that overfitting is close to impossible or (2) we can maintain F as is,
but add a regularization term Ω(f) to the cost function of Eq. (1.1) such that complex
functions f are penalized. The regularized optimization objective then becomes:

f∗ ← arg min
f∈F

[R(D, f) + λΩ(f)] , (1.2)

where λ controls the relative weight of the regularization term with respect to R. Since
λ cannot be optimized through direct minimization of Eq. (1.2) (it would trivially lead
to λ∗ = 0), it is referred to as a hyper-parameter. Typical algorithms can have dozens
of hyper-parameters, which are optimized separately on a held-out dataset Dvalid, called
the validation set. The process which picks optimal values for f and all associated
hyper-parameters is referred to as model selection. It is formalized below in the case of
a single hyper-parameter λ ∈ Λ, where Λ represents a (finite) set of candidate values.
When dealing with multiple hyper-parameters, one can simply adjust the procedure to
consider the cartesian product of all allowable hyper-parameter values. The optimal
hyper-parameters will again be those yielding minimal error on the validation set. This
procedure is referred to as grid search.

{f∗λi ;λi ∈ Λ} ← {arg min
f∈F

[R(D, f) + λiΩ(f)] ;λi ∈ Λ} (1.3)

f∗ ← arg min
i
{R(Dvalid, f

∗
λi

) + λiΩ(f∗λi);λi ∈ Λ}. (1.4)

In this Ph.D. proposal, we only consider parametric forms of F , such that F =
{f(x; θ) : θ ∈ Θ}. We use the notation f(x; θ) := fθ(x) to indicate that the function f is
parametrized by θ. Popular parametric models include the Mixture of Gaussians (MoG)
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model f(x; θ) =
∑N

i=1wiN (µi, σ2
i ), with

∑N
i=1wi = 1. Here N (µi, σ2

i ) represents the
normal distribution with mean µi and variance σ2

i , N is the number of mixture compo-
nents, θ = [µ1, σ1, w1, · · · , µN , σN , wN ]. We will pay particular attention to the subclass
of probabilistic models where f(x; θ) is in fact a probability density function (pdf) over x.
Other examples of parametric probabilistic models are the Restricted Boltzmann Ma-
chines (RBM) and Deep Boltzmann Machines (DBM) which will be studied in Chapters 2
and 4.

1.2 Gradient Descent

Assuming the loss L(θ) is differentiable, with θ ∈ Rd, first-order gradient descent (GD)
provides a simple way to minimize Eq. (1.1). GD is an iterative algorithm which sequen-
tially updates the parameters θt, by taking a small step in the opposite direction of the
gradient. This gradient is given by the vector of partial derivatives [ ∂L∂θ1 , ...,

∂L
∂θd

]|θ=θt eval-
uated at θt, while the length of the step is controlled by a learning rate hyper-parameter
α.

Algorithm 1 Batch Gradient Descent Algorithm

Initialize model to f(x; θ0)
while stopping condition is not met do
δθ ← 0
for all z ∈ D do: δθ ← δθ + ∂L(x,f(x;θt)

∂θ |θ=θt
θt+1 ← θt − αδθ; t← t+ 1

end while
return f(x; θt)

Algorithm 1 shows a particular variant of GD called Batch Gradient Descent (BGD).
It performs a complete pass through D for each parameter update. Given certain con-
ditions 1 on the learning rate α, this procedure is guaranteed to converge to the global
minimum if L is convex, or otherwise, to a local minimum.

An alternative learning algorithm, known as Stochastic Gradient Descent (SGD) has
proven very efficient in practice [26]. The trick is to update the parameters directly
after each training example. While this does not technically follow the gradient of
R(D, fθ), SGD converges much faster in practice due to the redundancies in the data.
The randomness introduced by the stochastic updates has also been shown to help with
escaping from local minima. In practice, SGD can suffer from a high variance estimate
of the gradient. SGD with mini-batches addresses this issue by estimating the gradient
on a small group of training examples X = {x(n) ∈ D; 1 ≤ n ≤ N}, called a mini-batch.

1The learning rate should have a decreasing profile. Denoting the learning rate at time t as αt, GD
will converge to a global or local minimum if limt→∞

P
t αt =∞ and limt→∞

P
t α

2
t <∞.
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1.3 Supervised Learning

We have so far avoided discussing the particular form of the loss-function L. This
is because the choice of L is tightly linked to the task being considered. In super-
vised learning, the goal is to learn a mapping between observations x ∈ RD and an
associated label y. The dataset D thus contains pairs of observations (x, y) such that
D = {(x(i), y(i)) : 1 ≤ i ≤ N}. We consider the pairs (x(i), y(i)) as being i.i.d. samples
of the true distribution p̃(x, y).

Classification

When the task involves classifying x into one of M distinct categories, y is technically
discrete. For practical reasons however, we treat y as a vector using a one-hot encoding
of its class: y is thus a vector of length M whose entries are all 0, except for yj = 1
to indicate that x belongs to class j. Given the above notation, the goal is then to
learn a model pθ(y|x) of the true conditional distribution p̃(y|x). Note that pθ(y|x) is
also vector-valued and contains the estimated class membership probabilities pθ(yj |x)
of input x. The class predicted by the model is thus given by arg maxj pθ(yj |x). For
binary classification, a popular choice for L is the cross-entropy loss function, defined
as:

LCE((x, y), pθ) = −y log pθ(y|x)− (1− y) log(1− pθ(y|x)) (1.5)

In the case of multi-class classification, this generalizes to:

LMCE((x, y), pθ) =
∑
j

−yj log pθ(yj |x) (1.6)

Regression

In regression tasks, the label y is continuous with y ∈ RM . An example application
would be to predict the position of an object in an image. In this case, the goal is
for fθ(x) to model certain statistics of the true posterior distribution. Assuming a
Gaussian noise model on the observations y, we can learn a model of the conditional
mean E[p̃(y|x)], by minimizing Eq. 1.2 with the mean-squared loss:

LMSE((x, y), pθ) = (fθ(x)− y)2 (1.7)

1.3.1 Artificial Neural Networks

Artificial Neural Networks (ANN) or Multi-Layer Perceptrons (MLP) are probably
amongst the most popular feed-forward probabilistic models. They can be used both
for regression and classification; here we focus on the latter. A single hidden-layer MLP
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models the class conditional distribution, as follows:

h(x) = sigmoid(c+
∑
i

W
(1)
ij xi) := sigmoid(g(x)) (1.8)

pθ(y|x) = sigmoid(b+
∑
j

W
(2)
kj hj) := sigmoid(o(x)). (1.9)

We start by examining Eq. (1.8). Geometrically, each entry of the hidden layer
vector h(x) ∈ Rnh can be thought of as carving the space RD in two. First, the dot
product between x and the j-th column of the weight matrix W (1) ∈ Rnh×D measures
the distance from point x to the hyper-plane with tangent vector W (1)T

j and offset cj
(with c ∈ Rnh). The non-linear function sigmoid(x) = exp(x)

1+exp(x) then squashes this value
to the unit interval: the output of the sigmoid function can thus be treated as the
probability that input x belongs to the class, or feature, defined by hj . Units hj belong
to the family of logistic regression classifiers, shown in Fig. 1.1(a): they are probabilistic
classifiers which employ a linear decision boundary to split D in two mutually exclusive
regions, while also providing a class-membership probability.

(a) (b)

Figure 1.1: (a) Graphical Representation of Logistic Regression. Directed connections
from xi to the summation node represent the weighted contributions Wijxi. s represents
the sigmoid activation function. (b) Multi-Layer Perceptron. Each unit in the hidden
layer represents a logistic regression classifier. The hidden layer then forms the input to
another stage of logistic classifiers.

From a high level, the hidden layer thus implements a non-linear mapping from RD
to Rnh , with hj representing the probability that the j-th binary feature (encoded by
W (1)T

j ) is present in x. As we can see in Eq. (1.9), the ANN then stacks a second layer
of logistic regression on top of this hidden representation. Given W (2) ∈ R1×nh , this
will perform a second non-linear mapping from Rnh to R: thresholding this value allows
us to classify x into two mutually exclusive classes. Employing two-layers of non-linear
transformations is key to the success of ANN. Because of its hidden layer, pθ(y|x) is a
powerful non-linear classifier: an ANN can thus employ an arbitrarily complex decision
boundary, a property known as universal approximation [16]. This comes at a price
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however: the loss function function is no longer convex meaning that MLPs suffer from
problems of local minima during optimization. 2

The parameters θ = [c,W (1), b,W (2)] of the MLP can all be learnt by gradient
descent on the cross-entropy loss function LCE . Gradients ∂LCE

∂θ can be computed
efficiently through an algorithm called backpropagation [42], which applies the chain
rule of derivation. The procedure starts by computing the gradient on LCE with respect
to the linear output units ok, defined as ∂LCE

∂ok
= ∂LCE

∂yk

∂yk
∂ok

. The gradients on the weights
of each layer are then obtained as follows (gradients on the biases can be obtained in a
similar manner):

∂LCE
∂W

(2)
kj

=
∂LCE
∂ok

∂ok

∂W
(2)
kj

. (1.10)

∂LCE
∂W

(1)
kj

=
∑
k

(
∂LCE
∂ok

∂ok
∂hj

)
∂hj
∂gj

∂gj

∂W
(1)
ji

. (1.11)

SGD is the method of choice for optimizing MLPs, with the number of hidden units
nh and learning rate α being treated as hyper-parameters. Because MLPs are non-linear
classifiers, great care must be taken to avoid over-fitting. One can thus employ L1 3

or L2 regularization 4, which penalizes the norms of the parameters θ. Another way
to avoid over-fitting is to use early-stopping: after each parameter update, we monitor
the performance on the validation set and stop when R(Dvalid, pθ) becomes worse than
R(D, pθ).

1.3.2 Convolutional Neural Networks

Another member of the MLP family worth mentioning is the Convolutional Neural
Network (CNN) [24], which we discuss briefly in Chapter 4. CNNs replace the dot-
product in the activation function of the i-th layer by a convolution operation. The
hidden layer of a CNN is thus given by the vector h(x), with entries hj(x) = sigmoid(c+
W T
j ∗ x), where ∗ represents the convolution operation. Fig. 1.2 shows a CNN applied

to a black & white image.
When the input x is a 2D image, the convolutional operator leads to each filter

W T
j generating a 2D-lattice of activations called a feature map. These represent filtered

versions of the input. One can think of all the “pixels” in a feature map as individual
hidden units, which share parameters and are connected to a subset of the input called
the receptive field. The size of this receptive field is directly controlled by the dimension
of the filter W T

j .
The main advantage of convolutional architectures is their scalability: their number

of parameters |θ| does not necessarily increase with the size of the input image. This
makes learning CNNs statistically efficient, leading to competitive results across many

2The universal approximation theorem states that, for MLPs, pθ(y|x) can approximate functions of
arbitrary complexity in the limit of infinite hidden units.

3L1 regularization is defined as Ω(fθ) =
P
i |θi|

4L2 regularization is defined as Ω(fθ) =
P
i |θi|

2
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Figure 1.2: An example of a convolutional neural network, similar to LeNet-5. The
CNN alternates convolutional and sub-sampling layers.

datasets [21, 23, 19]. CNNs are also naturally equivariant: given a translation operator
T , a translated input T (x) leads to a translated hidden representation T (h(x)). By
introducing max-pooling units (which subsample each filter map by preserving only the
maximal value in their receptive field), CNNs become invariant to small translations in
the input.

1.4 Unsupervised Learning

In unsupervised learning, we are given a training set, D = {x(i) : 1 ≤ i ≤ N}, with
x(i) ∼ p̃(x). The goal is then to learn a model pθ(x) of the empirical distribution p̃(x).
Equation (1.2) can then be minimized using the negative log-likelihood loss given by:

LNLL(x, pθ) = − log pθ(x). (1.12)

Unsupervised learning and unsupervised feature extraction have recently become a
dynamic area of research. In [15], it was shown that features learnt through unsupervised
learning could be used as an initialization point for MLPs, which were then fine-tuned
through normal supervised learning methods. This led to an increased robustness to
local minima as well as better generalization performance, showing that unsupervised
learning can act as a powerful regularizer [40]. This gives evidence that representations
or features which are good at modeling p̃(x), are also good for modeling p̃(y|x). Unsu-
pervised feature learning has also proven crucial to other formalisms such as Self-Taught
Learning [40] and Transfer Learning [? ] and has spawned an entire field of research,
called Deep Learning.

Simple maximum likelihood training of unsupervised features may be insufficient
however, at learning the kinds of features required for artificial perception. Indeed, the
above loss function does not account for any other “task” then that of density estimation.
The following question then comes to mind: is it possible to bias unsupervised learning
strategies (e.g. by using various priors), such that the resulting features are “better” at
a given task ? [? 49, 10, 2] have identified several key properties of what constitues a
“good” representation:
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• Ideally, the learnt representation should be invariant to irrelevant factors of vari-
ations. One such factor is the “contrast” in natural images: it ususually does not
have an impact on the relevant task but can significantly change the appearance of
an image. Unsuprisingly, preprocessing natural images with Local Contrast Nor-
malization (LCN) [39] (i.e. making the input itself invariant to contrast) always
seems to increase performance.

• Other factors of variation, such as object position or identity, are trickier and
depend on the future task. For example, an object recognition system should
be invariant to position, while object localization should be invariant to object
identity. [? ] thus proposes disentangling the factors of variation: such a
representation would factorize the representation, such that the variations along
a given factor are encoded in a subset of units, which are themselves invariant to
all other factors of variation. The Bilinear RBM proposed in Sec. ?? attempts to
do just this.

• When modeling sequences (e.g. videos), [49] also advocates the idea of slowness
or stability of the representation across time. This serves as the inspiration
for the work of Sec. ??.

• Finally, sparsity has also been advocated as a useful property for representations.
Using a large number of features with sparse activations leads to representations
which are more ammenable to linear classifiers.[? ]. Coincidentally, it has also
been shown that sparsity may also encourage invariant features.[10]
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Chapter 2

Deep Learning

Hinton et al. [15] and Bengio et al. [3] represents a significant breakthrough in the
field of neural network research. This work exploited unsupervised learning in order
to initialize the parameters of a deep MLP, through a greedy layer-wise pretraining
algorithm. Fine-tuning these parameters through backpropagation led to state of the
art results and pioneered a new field of research. Deep Learning combines two core
concepts: leveraging unsupervised learning algorithms for feature extraction and using
deep hierarchical models which are hypothesized to be more statistically efficient than
shallow architectures. This chapter focuses on one of the main building blocks of deep
networks: the Restricted Boltzmann Machine.

2.1 Energy-Based Models

In the remainder of this document, we focus on a particular class of probabilistic gener-
ative models, called Energy-Based Models (EBM) [14, 25]. EBMs encode a probability
distribution p(x) through an energy function, which assigns low-energy to states with
high-probability, and high-energy to less probable states. This energy is a function of
model parameters θ and random variables which can either be observed (visible) or la-
tent (hidden). The parameters of the model serve to encode relationships between these
various random variables, with latent variables acting as explanatory factors of the data.
Formally, the energy of the visible units v and hidden units h is denoted by E(v, h; θ)
or equivalently Eθ(v, h).1.

Energy is converted to probability through the Gibbs distribution:

p(v, h) =
exp (−Eθ(v, h))

Z
, (2.1)

where Z =
∑

v,h exp(−Eθ(v, h)) is the partition function, which ensures that p(v, h) is
normalized. We can recover the marginal distribution p(v) by summing over the latent

1Depending on context, we may also drop the dependence on θ from the notation altogether and
write E(v, h)
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variables:

p(v) =
1
Z

∑
h

exp (−Eθ(v, h)) . (2.2)

It is also useful to define the Free-Energy function Fθ(v) = − log
∑

h exp−Eθ(v,h), which
allows us to write p(v) = exp(−Fθ(v))

Z .
Before covering the various learning algorithms for EBMs in Sec. 2.3.1, we start with

a more detailed study of the Restricted Boltzmann Machine (RBM), a particular form
of EBM which is at the center of this Ph.D research proposal.

2.2 Restricted Boltzmann Machine

The RBM is characterized by the following energy function:

Eθ(v, h) = −
nv∑
i=1

nh∑
j=1

Wijhjvi −
∑
j

cjhj −
∑
i

bivi, (2.3)

which groups nv visible units and nh hidden units into two separate layers, interacting
through the weight matrixW ∈ Rnh×nv . Connections between units of the same layer are
prohibited, differentiating it from other more general Boltzmann Machines. b ∈ Rnv and
c ∈ Rnh are the offsets of the visible and hidden units, and serve much the same purpose
as in the ANN. While the random variable v and h can belong to many probability
distributions, we will focus here on the binary-binary RBM, where v ∈ {0, 1}nv and
h ∈ {0, 1}nh .

2.2.1 Conditionals

Before we can perform learning or inference in this model, we first need to derive its
conditional distributions p(h|v) and p(v|h).

p(h|v) =
p(v, h)
p(v)

=
p(v, h)∑
h p(v, h)

=
exp [−Eθ(v, h)]∑
h exp [−Eθ(v, h)]

=
exp

[
−
∑

j hj (cj +
∑

iWijvi)
]

exp (−
∑

i bivi)∑
h exp

[
−
∑

j hj (cj +
∑

iWijvi)
]

exp (−
∑

i bivi)

=

∏
j exp [−hj (cj +

∑
iWijvi)]∑

h

∏
j exp [−hj (cj +

∑
iWijvi)]

=
∏
j

exp [−hj (cj +
∑

iWijvi)]
1 + exp [−cj −

∑
iWijvi]
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We recover the following activation functions:

p(h|v) =
∏
j

p(hj |v) (2.4)

p(hj = 1|v) = sigmoid

(
cj +

∑
i

Wijvi

)
(2.5)

By symmetry of the energy function, we can write:

p(v|h) =
∏
i

p(vi|h) (2.6)

p(vi = 1|h) = sigmoid

bi +
∑
j

Wijhj

 (2.7)

Eqs.(2.4-2.7) show that hidden units are conditionally independent, given the visible
layer (and vice-versa). This is a key-property of RBMs which allows us to easily sample
from the model using block Gibbs sampling [41].

2.2.2 Free-Energy

We can derive the free-energy of the binary-binary RBM as follows:

Fθ(v) = − log
∑
h

exp−Eθ(v,h)

= − log

exp

(
−
∑
i

bivi

)∑
h

∏
j

exp

[
−hj

(
cj +

∑
i

Wijvi

)]
= −

∑
i

bivi − log
∏
j

1 + exp

[
−cj −

∑
i

Wijvi

]

= −
∑
i

bivi −
∑
j

log

[
1 + exp

(
−cj −

∑
i

Wijvi

)]
(2.8)

2.3 Inductive Principles for Energy-Based Models

2.3.1 Maximum Likelihood

The parameters of energy-based models can be estimated through maximum likelihood,
much like any other probabilistic model. Given a probability distribution p(x; θ), max-
imum likelihood states that the optimal parameters θ∗ are given by:

θ∗ ← arg max
θ

Ep̃ [p(x; θ)]⇔

θ∗ ← arg min
θ

Ep̃ [− log p(x; θ)] , (2.9)
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with the equivalence stemming from the monotonicity of the logarithm. Note that we
also recast maximum likelihood as a minimization problem in order to follow conven-
tion. Alternatively, one can view maximum likelihood as minimizing the KL-divergence
between the empirical and model distributions 2, defined as KL(p̃, p) =

∑
x p̃(x) log p̃(x))

p(x) .
Provided the energy function E is differentiable almost everywhere, Eq. 2.9 can

be minimized through gradient descent (as shown in Section 1.2). The gradient of
the negative log-likelihood (NLL) function of a Boltzmann Machine with free-energy
function F (x), can be derived as follows:

− log p(x; θ) = F (x) + logZ

= F (x) + log
∑
x

exp [−F (x)]

−∂ log p(x)
∂θ

=
∂F (x)
∂θ

+
1
Z

∂Z

∂θ

=
∂F (x)
∂θ

+
1
Z

∑
x

∂ exp [−F (x)]
∂θ

=
∂F (x)
∂θ

− 1
Z

∑
x

exp [−F (x)]
∂F (x)
∂θ

=
∂F (x)
∂θ

− p(x)
∑
x

∂F (x)
∂θ

=
∂F (x)
∂θ

− Ep
[
∂F (x)
∂θ

]
(2.10)

Replacing the expectation of Eq. 2.9 by a sample average, the maximum likelihood
update equations for θ, at the t-th parameter update, becomes:

θt+1 ← θt − α

(
1
|D|

∑
x∈D

[
∂F (x)
∂θ

]
− Ep

[
∂F (x′)
∂θ

])
(2.11)

We denote the model with parameters θt as pt(x). It can be seen that the log-
likelihood gradient involves the computation of two terms. The first term can be com-
puted analytically and has the effect of decreasing the the energy at training points.
It is referred to as the positive phase. The summation can be taken across the entire
training set for batch gradient descent, or over a subset of the data when using gradi-
ent descent with mini-batches. The second term aims to increase the probability of all
configurations of the visible units, and is called the negative phase. Its computation is
problematic however, since it involves an expectation over the model distribution, which
is intractable for all but the smallest models.

2The equivalence can be proven trivially.
KL(p̃, p) =

P
x p̃(x) log p̃(x)

p(x)
=

P
x p̃(x) log p̃(x)−

P
x p̃(x) log p(x).

arg minθ KL(p, p̃)⇔ arg minθ −
P
x p̃(x) log p(x)⇔ arg maxθ Ep̃ [log p(x)]
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The log-likelihood gradient can thus further be approximated by replacing the ex-
pectation with a sample average. Given the ability to generate a set of model samples
Xt = {xn ∼ pt(x); 0 < n < N}, a gradient estimator can be computed and applied,
yielding:

θt+1 ← θt − α

 1
|D|

∑
x∈D

[
∂F (x)
∂θ

]
− 1
N

∑
x′∈Xt

[
∂F (x′)
∂θ

] (2.12)

We refer to x as positive samples, since they are trainined examples used to estimate
the positive phase, while x′ are referred to as negative or model samples. Typically, we
choose N = |D| in order to match the variances of the positive and negative phases.

In the case of the RBM, approximately generating a set Xt is relatively straightfor-
ward. Because its conditional distributions p(h|v) and p(v|h) are factorial, we can gener-
ate samples of p(v) by performing block Gibbs sampling [41]. We can obtain each sample
x′ ∈ Xt by simulating a Markov chain which alternates sampling h(k) ∼ pt(h|v = v(k−1))
and v(k+1) ∼ pt(v|h(k)). The samples in Xt are the v(k)’s obtained for large values of
k (typically in the order of thousands), at which point the Markov chain is deemed to
have converged to its stationary distribution.

The above algorithm would be impractical however, since it would require running
a Markov chain to convergence for each gradient update! For this reason, various algo-
rithms have been developed, which differ both in their computational complexity and
in their approximation to the negative phase. These will be covered in the following
section.

2.3.2 Approximations to Maximum Likelihood

Stochastic Maximum Likelihood

Stochastic Maximum Likelihood (SML) or Persistent Contrastive Divergence (PCD) [50,
46] exploits the fact that the model changes only slightly between consecutive gradient
updates. As such, samples Xt−1 are still somewhat representative of model pt. SML
thus initializes the Markov chains at time-step t with elements from Xt−1, drastically
reducing the burn-in time of the Markov chain in the process. Only a few steps of Gibbs
sampling are typically used to generate the samples Xt. In practice, this number can
even be as low as one [46]. Algorithm 2 formalizes the SML update algorithm.

The crucial assumption in SML is that k steps of Gibbs sampling are sufficient to
reach the new equilibrium distribution. Unfortunately, this may not always be the
case. Denoting the state of the Markov chain after k steps of Gibbs sampling as p(k)

t ,
[47] showed that SML actually follows the gradient of KL(p̃||pt) − KL(p(k)

t ||pt). If the
gradient vectors of both these terms have a positive dot-product, SML will successfully
minimize KL(p̃||pt), and thus maximize the model likelihood. Otherwise, SML may
diverge from the maximum likelihood solution.
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Algorithm 2 Stochastic Maximum Likelihood Update

Obtain (mini)-batch of training examples X+
t = {x ∈ D}.

Initialize (mini)-batch of samples x(0)
t from Xt−1, approx. samples of pt−1.

for k = 0 : K do
Generate (mini)-batch of samples h(k)

t ∼ pt(h|v = x
(k)
t ).

Generate (mini)-batch of samples x(k+1)
t ∼ pt(v|h = h

(k)
t ).

end for
Define Xt as the (mini)-batch of samples x(k)

t .
θt+1 ← θt − α

(
1
|X+
t |
∑

x∈X+
t

[
∂F (x)
∂θ

]
− 1
|Xt|
∑

x′∈Xt

[
∂F (x′)
∂θ

])
.

SML thus relies on KL(p(k)
t ||pt) being small throughout training. However, for a fixed

value of k, this quantity is known to increase with training time. Intuitively, this occurs
because as the parameters increase in magnitude, the Markov chain becomes increasingly
deterministic (the conditional probabilities become increasingly peaked around 0/1),
which in turn reduces the mixing rate or ergodicity3 of the chain. [50] establishes some
necessary conditions for convergence, showing that a decreasing learning rate schedule
is required to offset this loss of ergodicity. 4

The Fast-Weight Effect and FPCD

It may come as a surprise to the Markov chain practitioner that a single step of Gibbs
sampling suffices to draw samples from pt(x) when initialized with samples from pt−1(x).
Tieleman and Hinton [47]’s investigations into the matter revealed an interesting link
between the mixing rate of the Markov chain and learning: the gradient update at
time-step t − 1 biases the Markov chain towards moving away from the configuration
Xt−1. By reducing the probability of Xt−1, learning encourages the chain to move to
another region of input space, increasing the mixing rate of the chain in the process.
This phenomenon, coined the “fast-weight effect”, is especially pronounced when using
large learning rates. Unfortunately, this is at odds with SML which requires a decreasing
learning rate to guarantee convergence.

Fast PCD [47] addresses this issue by introducing an additional set of fast weights
WF , which combine additively with the normal RBM weights W in the negative phase
of learning. Weights WF are updated using the same gradient as W , but using a sepa-
rate learning rate, which remains large throughout training. This allows the “normal“
learning rate (the one operating on all other parameters of the model) to be annealed
throughout training, while still maintaining the fast-weight effect in the negative phase
Markov chain. A strong L2 penalty on WF ensures that their effect on the model is
only temporary and that the KL divergence between the models defined with and with-
out the fast-weights remains small. The complete FPCD update algorithm is shown in

3We use the term “ergodicity” rather loosely, to reflect the amount of time required for the states
sampled by the Markov chain to reflect the true expectation we wish to measure.

4The learning rate αt should decrease such that
P∞
t=0 αt =∞ while

P∞
t=0 α

2
t <∞.
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Algorithm 3.

Algorithm 3 Fast PCD Update
θt: parameters {W, b, c} of “normal” RBM, at time-step t.
θF,t: parameters {W,WF , b, c} of RBM with fast-weights, at time-step t.
λ: hyper-parameter controlling amount of L2 regularization on WF .
α, αF : “normal” and “fast” learning rates.

Obtain (mini)-batch of training examples X+
t = {x ∈ D}.

Initialize (mini)-batch of samples x(0)
t from Xt−1, approx. samples of pt−1.

for k = 0 : K do
Generate (mini)-batch of samples h(k)

t ∼ pt(h|v = x
(k)
t ; θF,t).

Generate (mini)-batch of samples x(k+1)
t ∼ pt(v|h = h

(k)
t ; θF,t).

end for
Define Xt as the (mini)-batch of samples x(k)

t .
θt+1 ← θt − α

(
1
|X+
t |
∑

x∈X+
t

[
∂F (x;θt)

∂θ

]
− 1
|Xt|
∑

x′∈Xt

[
∂F (x′;θF,t)

∂θ

])
.

WF,t+1 ←WF,t − αF
(

1
|X+
t |
∑

x∈X+
t

[
∂F (x;θt)
∂WF

]
− 1
|Xt|
∑

x′∈Xt

[
∂F (x′;θF,t)

∂WF

]
+ λWF,t

)
.

Tempered SML

Alternatively, one may also use more powerful sampling algorithms in the negative phase
of learning, such that the resulting Markov chain maintains good mixing properties
throughout training. One such strategy employed in [8, 5, 44, 43], relies on generating
samples from the tempered Gibbs distribution p(v;β) = exp[−βF (v)]

Z(β) , where β ∈ [0, 1] is
an inverse temperature parameter. At high temperatures (β << 1), p(v;β) becomes
more uniform over the sampling space, resulting in a smoothed version of p(v;β = 1)
which is easier to sample from. [8, 44, 43] offer competing solutions on how to best
exploit these fast-mixing chains to generate samples from p(v;β = 1).

In my masters’ thesis work [8], we proposed using Parallel Tempering (PT) in the
negative phase of SML, which resulted in increased performance and added robust-
ness towards the choice of learning rate and the number of training epochs. PT re-
lies on sampling from an extended system composed of multiple RBM models: Mt =
{M1,t,M2,t, . . . ,MM,t} using a set of M parallel Markov chains, with the i-th chain
drawing samples from the associated RBM, Mi,t. We introduce the notation Mi,t to
refer to the model at time-step t, with probability distribution pt(v;βi) ≡ pi,t(v) and
associated partition function Zi,t.

Each sampling step consists of performing k Gibbs steps for each of the M Model
distributions, followed by a sequence of cross-temperature state swaps between neighbor-
ing chains (using a Metropolis-Hastings-based swap acceptance criterion). If we denote
by xi,t the state of the visible units of the i-th chain at time-step t, the swap between
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chains (i,i+ 1) is accepted with probability ri,t given by:

ri,t = max
(

1,
pi,t(xi+1,t)pi+1,t(xi,t)
pi,t(xi,t)pi+1,t(xi+1,t)

)
. (2.13)

These swaps ensure that samples from highly ergodic chains are gradually swapped
into lower temperature chains. Several swapping schedules5 have been proposed in [29]
which satisfy detailed balance, guaranteeing that for large enough k, xi,t ∼ pi,t. While [8]
employed a random selection strategy, [29] advocates using the Deterministic Even Odd
(DEO) algorithm. The resulting SML-PT update algorithm is shown in Algorithm 4.

Algorithm 4 SML with Parallel Tempering (SML-PT) Update

Obtain (mini)-batch of training examples X+
t = {x ∈ D}.

Initialize (mini)-batch of samples x(0)
i,t from Xi,t−1, ∀i ∈ [1,M ].

Perform k steps of Gibbs sampling forMi,t, yielding a (mini)-batch of samples xi,t,∀i.
for all even chains i (and all samples in mini-batch) do

swap xi,t ↔ xi+1,t with probability ri,t.
end for
for all odd chains i (and all samples in mini-batch) do

swap xi,t ↔ xi+1,t with probability ri,t.
end for
Define Xi,t as the (mini)-batch of samples xi,t.

θt+1 ← θt − α
(

1
|X+
t |
∑

x∈X+
t

[
∂F (x;θt)

∂θ

]
− 1
|X1,t|

∑
x′∈X1,t

[
∂F (x′;θF,t)

∂θ

])
.

2.3.3 Contrastive Divergence

Contrastive Divergence (CD) [13], the algorithm first proposed for training Deep Net-
works, remains one of the leading inductive principles for training energy-based models.
It relies on the same functional form of the maximum likelihood gradient (Eq. 2.9), but
changes the nature of the negative samples. Similar to SML, negative samples Xt are
generated by running a Markov chain (with pt(v) as its stationary distribution) for only
k-steps. The difference however, is that these chains are initialized with a positive train-
ing example instead of Xt−1 (as with SML). Since the equilibrium distribution of the
Markov chain will tend towards p̃(x) with learning (assuming convergence), initializing
its state from a training example x ∈ D should help bypass the long burn-in process
required by maximum likelihood. The CD-k update algorithm is shown in Algorithm 5.

CD has proven extremely successfull as a pre-training and feature extraction algo-
rithm for deep networks. From a generative model point of view however, CD has been
shown to perform worse in terms of log-likelihood than other algorithms in the SML
family [32, 8].

5The swapping schedule refers to the algorithm for selecting the pairs (i, j) of chains to swap and its
ordering.
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Algorithm 5 Contrastive Divergence Update

Obtain (mini)-batch of training examples X+
t = {x ∈ D}.

Initialize (mini)-batch of samples x(0)
t from X+

t .
for k = 0 : K do

Generate (mini)-batch of samples h(k)
t ∼ pt(h|v = x

(k)
t ).

Generate (mini)-batch of samples x(k+1)
t ∼ pt(v|h = h

(k)
t ).

end for
Define Xt as the (mini)-batch of samples x(k)

t .
θt+1 ← θt − α

(
1
|X+
t |
∑

x∈X+
t

[
∂F (x)
∂θ

]
− 1
|Xt|
∑

x′∈Xt

[
∂F (x′)
∂θ

])
.

2.3.4 Score Matching and Others

Score Matching [17] on the other hand belongs to an entirely different family of inductive
principles, which avoid the negative phase altogether. The general principle is to define
a score function ψi(p), which does not depend on the partition function of pdf. p, and
then minimize a cost function Jθ such that ψi(p(x)) ≈ ψi(p̃(x)),∀x ∈ D. In particular,
[17] defines:

ψi(p(v)) =
∂ log p(v)

∂vi
(2.14)

JSM ′(θ) = Ep̃(v)

[
nv∑
i=1

1
2

(ψi(p̃(v))− ψi(p(v))2

]
. (2.15)

Since we cannot compute ψi(p̃(v)), JSM ′(θ) is not very useful in practice. Through
partial integration however, it can be shown that arg minθ JSM ′(θ) ≡ arg minθ JSM (θ),
where JSM is defined as:

JSM (θ) = Ep̃(v)

[
nv∑
i=1

1
2
ψi(pθ(v))2 +

∂ψi(pθ(v))
∂vi

]
. (2.16)

Score matching has been shown to be a consistent estimator6 much like maximum like-
lihood [17]. Score Matching has also been extended in a number of ways, including
applications to binary data [18]. Note however, that this method remains somewhat
limited for applications to deep networks, since it requires an analytically tractable free-
energy function, which is usually not the case for deep networks. Other methods in this
family including Noise Contrastive Estimation (NCE) [12], Generalized NCE [11] and
Margin Learning [48].

6Assuming the data was generated by model pθ∗ , the consistency claims that θ = θ∗ =
arg minθ JSM (θ).
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2.4 Estimating the Partition Function

Performing model selection can be particularly tricky for RBMs. Because the parti-
tion function is usually intractable, we lose the ability to compare models in terms of
probabilities. Two options are thus available for choosing hyper-parameters: using a
surrogate criteria such as classification error to assess the quality of the learnt features,
or using estimates of the partition function. In this section, we briefly review the most
popular algorithms which can be used to this effect. In particular, Annealed Importance
Sampling and Bridge Sampling will play a crucial role in Chapter 3, where we propose
a novel algorithm for tracking the partition function of RBMs during learning.

Importance Sampling

Importance Sampling offers the basic tools for approximating the ratio of two partition
functions. Let p1(x) = q1(x)

Z1
and pM (x) = qM (x)

ZM
, we can rewrite Z1 as:

Z1 =
∑
x

q1(x) =
∑
x

pM (x)
q1(x)
pM (x)

=
∑
x

pM (x)w(x) = EpM [w(x)] , (2.17)

as long as pM (x) > 0 whenever q1(x) > 0, and where w(x) = q1(x)/pM (x) are defined
as the importance weights. Assuming ZM is known, that we can easily sample from pM
and denoting XM = {xn ∼ pM (x); 1 ≤ n ≤ N}, we can estimate Z1 as follows:

Z1 ≈
1
|XM |

∑
x∈XM

w(x)⇔ (2.18)

logZ1 ≈ logZM + log
∑
x∈XM

q1(x)
qM (x)

− log |XM | (2.19)

Unfortunately, [33] showed that minimizing the variance of the importance sampling
estimate of Z1 is equivalent to minimizing a divergence of pM and p1. This means that
the above procedure will therefore work well if pM ≈ p1, making it much less attractive
in practice.

Annealed Importance Sampling

To get around this limitation, one can define a set of intermediate distributions pi(x) =
qi(x)/Zi, which “bridge the gap” between p1 and pM , as first described in [36]. This will
enable us to write the ratio Z1/ZM as the product of importance weights, measured on
neighboring chains (pi, pi+1).

Z1 =
∑
x1

p2(x1)
q1(x1)
p2(x1)

(2.20)

If Ti is a transition operator which leaves pi invariant (such as the Gibbs sampling
operator), then by definition p2(x1) =

∑
x2
p2(x2)T2(x1;x2). This allows us to rewrite
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Eq. 2.20 as:

Z1 =
∑
x1

∑
x2

p2(x2)T2(x1;x2)
q1(x1)
p2(x1)

=
∑
x1

∑
x2

q2(x2)
Z2

T2(x1;x2)q1(x1)
Z2

q2(x1)

=
∑
x1

∑
x2

p3(x2)T2(x1;x2)
q2(x2)
p3(x2)

q1(x1)
q2(x1)

Recursively (and shifting the indices of xi to the right by one), this leads to:

Z1 =
∑
x2

∑
x3

· · ·
∑
xM

pM (xM )TM−1(xM−1;xM ) · · ·T2(x2;x3) (2.21)

qM−1(xM )
pM (xM )

qM−2(xM−1)
qM−1(xM−1)

· · · q2(x3)
q3(x3)

q1(x2)
q2(x2)

.

Replacing the above expectations with a sample average, the AIS estimate of the
log-partition is then given by: logZ1 ≈ logZM + 1

N

∑N
n=1w

(n), with:

w(n) =
qM−1(x(n)

M )

qM (x(n)
M )

qM−2(x(n)
M−1)

qM−1(x(n)
M−1)

· · · q2(x(n)
3 )

q3(x(n)
3 )

q1(x(n)
2 )

q2(x(n)
2 )

σ2
AIS ≈

Var[w(n)][∑
nw

(n)
]2 . (2.22)

Once again, we use x(n)
i to denote the n-th sample of pi(x). Eq 2.22 is at the basis of the

Annealed Importance Sampling (AIS) procedure [36], which is presented as Algorithm 6.
[45] shows how AIS can be applied to estimating the partition function of an RBM.

Algorithm 6 Annealed Importance Sampling

for j ∈ [1..N ] do
sample xM ∼ pM .
sample xM−1 ∼ TM−1.
· · ·
sample x2 ∼ T2.
compute w(j) = qM−1(xM )

qM (xM )
qM−2(xM−1)
qM−1(xM−1) · · ·

q2(x3)
q3(x3)

q1(x2)
q2(x2)

end for
logZ1 ≈ logZM + log

∑N
j=1w

(j) − logN .

Bridge Sampling

Bridge sampling [4] addresses the shortcomings of importance sampling in a slightly
different manner. It relies on a single distribution p∗, which interpolates between pM
(pdf. with known partition function ZM ) and p1 (pdf. whose partition function Z1

we wish to estimate). Given the sample sets XM = {xn ∼ pM (x); 1 ≤ n ≤ N} and
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X1 = {x′n ∼ p1(x); 1 ≤ n ≤ N}, the difference in the log-partition functions is simply
estimated by the difference of log-importance weights between each distribution and the
bridge.

logZ1 ≈ logZM + log

[
N∑
n=1

p∗(xn)
pM (xn)

]
− log

[
N∑
n=1

p∗(x′n)
p1(x′n)

]
(2.23)

= logZM + log

[
N∑
n=1

un

]
− log

[
N∑
n=1

vn

]
,

with un = p∗(xn)/pM (xn) and vn = p∗(x′n)/p1(x′n). The variance of this estimator of
logZ1 is then given by:

σ2
bridge ≈

Var[un]
[
∑

n un]2
+

Var[vn]
[
∑

n vn]2
(2.24)

This formulation is much more forgiving and allows for KL(pM ||p1) to be much larger
than required by normal importance sampling, or even AIS when computing importance
weights across neighboring chains. This is because p∗ is chosen in some optimal fashion
to have large support both with pM and p1. One such optimal distribution is p(opt)

∗ (x) ∝
pM (x)p1(x)
rpM (x)+p1(x) where r = Z1/ZM . While this appears to be a chicken and egg issue, it is
possible to start with a coarse estimate of r and use the resulting bridge distribution to
refine our estimate recursively [37].

2.5 Deep Belief Networks

RBMs in and of themselves can serve as unsupervised feature extractors: each hidden
unit defines a particular feature which helps model p̃(v). As CNNs have shown however,
statistical efficiency can be gained by sharing parameters across similar features and
composing them in a hierarchical representation.

Deep Belief Networks [15] learn to extract such a deep hierarchical representation,
by stacking multiple layers of RBMs. Their training algorithm is a greedy iterative
procedure, which trains the RBM in layer l to model the posterior distribution of the
RBM at layer l − 1. The result is the graphical of Fig. 2.1. Denoting v := h(0) and L
the number of layers, its joint distribution is given by:

pθ(v, h(1), · · · , h(L)) =

[
L−1∏
l=1

p(h(l−1)|h(l))

]
p(h(L−1), h(L)). (2.25)

In its original formulation, the DBN was applied to a classification problem, by train-
ing the L-th RBM on the concatenation of h(L−1) and the class labels. The bottom-up
recognition weights were then used to perform approximate inference, setting h(l) to the
expected value of p(h(l)|h(l−1)) (see Eq. 2.4). The label is then selected as the one with
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Figure 2.1: Graphical model of the Deep Belief Network (DBN) and Deep Boltzmann
Machine (DBM). (left) A DBN is composed of undirected connections between the
top two layers and directed connections going down. The hashed arrows represent the
conditional distribution p(h(l)|h(l−1)) learnt during the pretraining phase and can be
used to perform approximate inference. (right) DBMs are similar in structure but have
undirected connections between all layers. See Sec. ??. Images reproduced from [? ].

minimal free-energy, as measured by the L-th RBM. Conversely, one may also sample
from the model by first sampling from p(h(l−1), h(L)) and using the top-down directed
connections to generate v. [3] on the other hand, showed that the parameters obtained
by the greedy layer-wise strategy can be used to initialize a feed-forward MLP (with an
equivalent architecture), which can then be fine-tuned through normal supervised learn-
ing. This pretraining strategy led to significantly better classification results, dropping
from 1.8% error on MNIST to 1.2%.

The benefit of these hierarchical models was epitomized in [28] however, where a con-
volutional version of the DBN (CDBN) was trained on natural images. In a completely
unsupervised manner, the CDBN learnt lower-level features resembling Gabor-filter,
reminiscent of cells in area V1 of the visual cortex [38], which combined to form object
parts and object detectors in the higher layers. The features encoded by a each layer
were also found to be increasingly invariant and class specific.
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Chapter 3

Tempered Stochastic Maximum
Likelihood

[8, 44, 43] have all shown that augmenting the negative phase of SML with tempering
leads to faster convergence and added robustness to learning rates and other hyper-
parameters. Tempering is still no panacea however. Great care must be taken to select
the set of temperatures B = {β1, ..., βM ;β1 ≥ βi ≥ βM ∀i ∈ [1,M ],M ∈ N} over which
to run the simulation. Having too few or incorrectly spaced chains can result in high
rejection ratios (tempered transition), low return rates (simulated tempering) or low
swap rates between neighboring chains (parallel tempering), which all undermine the
usefulness of the method. Building on our earlier work [8], we now present some more
recent contributions on the topic, research conducted in the course of this Ph.D. thesis
proposal.

In particular, we show that the choice of B can be automated for parallel temper-
ing, both in terms of optimal temperature spacing, as well as the number of chains to
simulate. Our algorithm relies heavily on the work of [20], who were the first to show
that optimal temperature spacing can be obtained by minimizing the average return
time of particles under simulation. This research led to the development of the SML
with Adaptive Parallel Tempering algorithm (SML-APT) [7]. In the second part of this
chapter, we show how the SML-APT algorithm can serve as the foundation of a parti-
tion function tracking algorithm, which exploits the methods of Annealed Importance
Sampling and Bridge Sampling presented in Sec. 2.4.

3.1 SML with Adaptative Parallel Tempering

3.1.1 Background

Conventional wisdom for choosing the optimal set B has relied on the “flat histogram”
method which selects the parameters βi such that the pair-wise swap ratio ri of Eq. (2.13)
is constant and independent of the index i. Under certain conditions (such as when
sampling from multi-variate Gaussian distributions), this can lead to a geometric spacing
of the temperature parameters [35]. [1] has recently shown that geometric spacing
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is actually optimal for a wider family of distributions characterized by Eβ(E(x)) =
K1/β +K2, where K1,K2 are arbitrary constants.

Since this is clearly not the case for RBMs, we turn to the work of [20] which proposes
a novel measure for optimizing B. Their algorithm directly maximizes the ergodicity of
the sampler by minimizing the time taken for a particle to perform a round-trip between
β1 and βM . This is defined as the average “return time” τr. The benefit of their method
is striking: temperatures automatically pool around phase transitions, causing spikes in
local exchange rates and maximizing the “flow” of particles in temperature space.

Algorithm 7 Adaptive Tempering Algorithm
{M1, · · · ,MM}: set of models Mi encoding pdf. pi(x), model at inverse temp. i.
nu(i), nd(i): number of “up” (“down”) particles at temp i, forming histograms nu (nd).

Initialize labels Li to “undefined” for each particle xi under simulation.
while B has not converged do

Perform k steps of Gibbs sampling for each model Mi.
for t = 0 : Ns do

Choose index i according to some swapping schedule (e.g. DEO algorithm).
Compute swap probability ri,t as per Eq. 2.13.
if rand() < ri,t then

if i = 1 then Li+1 ← “up”.
if i+ 1 = M and Li =“up” then Li ← “down”.
Swap xi ↔ xi+1 and Li ↔ Li+1.

end if
Update histograms nu and nd.

end for
Compute fu(i) := nu(i)

nu(i)+nd(i) , distribution of “up” particles.
Divide fu into M bins of equal prob. mass, yielding optimal set B∗.
B ← B∗.
Increase value of Ns.

end while

The Algorithm works by tracking which of the two extremal temperatures were last
visited by each particle xi. Those swapped into β1 are assigned the label “up”, while
“up” particles swapped into βM are labelled as “down”. During the simulation, we count
the number of “up” and “down” particles at each temperature i, yielding histograms
nu(i) and nd(i). Minimizing return time is then equivalent to finding the configuration B,
which yields a distribution fu(i) := nu(i)

nu(i)+nd(i) , linear in i [20]. The complete algorithm
is shown in Algorithm 7.

3.1.2 Proposed Solution

Online Beta Adapation

Algorithm 7 can automatically optimize B but is not well suited to the context of
learning. When training an RBM, the distribution we are sampling from is continuously
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changing. As such, the optimal set B∗ will evolve over time. Furthermore, we do not
have the luxury of performing Ns sampling steps after each gradient update.

Our solution is to update the histograms nu and nd as exponential moving averages
with a time constant in the order of the expected return time τ̂r. We estimate this value
by maintaining a counter τi for each xi, which is incremented at every sampling iteration
and reset to 0 whenever xi is swapped into β1 with Li =“down”. A lower-bound for
return time is then given by τ̂r = 1

M

∑M
i=1 τi. Using τ̂r as the time constant is crucial as

it ensures that fu,t(i) tracks the behavior of model pi,t. Concretely, if an “up” particle
reaches the i-th chain, we update nu(i) as follows:

nu,t+1(i) = nu,t(i)(1− 1/τ̂r) + 1/τ̂r. (3.1)

Using the above, we recompute B∗ and update the model temperatures by performing
a step in the direction of the optimal value: βi,t+1 = βi,t + µ(β∗i − βi,t), where µ is a
learning rate hyper-parameter. The properties of [20] naturally enforce the ordering
constraint on the βi’s.

Optimizing the Number of Chains

Other factors to consider when optimizing B are the choice of bounds [β1, βM ] and the
number of parallel chains M . While β1 = 1 is a natural choice, we expect an optimal βM
to vary during learning. For this reason, we err on the side of caution and use βM = 0,
choosing instead to adapt M such that the negative phase sampler maintains good
ergodicity during the entire learning process. Our solution is to initialize M to some
small initial value and increase it during training so as to maintain sufficient swap rates
between neighboring chains. This has the added benefit of keeping the computational
cost to a minimum, since the computational complexity of PT is O(M).

The criteria for spawning new chains is based on the work of Lingenheil et al. [29],
which compares the average rate of return 1/τ̂r to Ei[ri], for a variety of swapping
schedules. They found that the DEO algorithm used in Algorithm 4 gave rise to a
concave function with a broad maximum around an average swap rate of 0.4. In an
effort to maintain good return times, we thus increase M whenever r̄ = 1

M

∑M
i=1 ri < 0.4.

Empirically, we have observed increased stability when the index j of the new chain being
created is selected such that j = arg maxi(|fup(i)− fup(i+ 1)|), i ∈ [1,M − 1]. To avoid
a long burn-in period, we initialize the new chain with the state of the (j + 1)-th chain
and choose its inverse temperature as the mean (βj +βj+1)/2. A small but fixed burn-in
period allows the system to converge to the new B∗, given the updated value of M .

3.1.3 Current Results

The proposed SML-APT algorithm was evaluated on a complex synthetic dataset. This
dataset is heavily inspired from the one used in [8] and was specifically crafted to push
the limits of the algorithm. These results were published in [7].

It is an online dataset of 28x28 binary images, where each example is sampled from a
mixture model with probability density function fX(x) =

∑5
m=1wmfYm(x). Our dataset
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thus consists of 5 mixture components whose weights wm are sampled uniformly in the
unit interval and normalized to one. Each mixture component Ym is itself a random
28x28 binary image, whose pixels are independent random variables having a probability
pm of being flipped. From the point of view of a sampler performing a random walk
in image space, pm is inversely proportional to the difficulty of finding the mode in
question. The complexity of our synthetic dataset comes from our particular choice of
wm and pm. 1 Large values of wm and small pm lead to modes which are difficult to
sample and in which a Gibbs sampler would tend to get trapped. Large pm values on the
other hand will tend to intercept “down” moving particles and thus present a challenge
for parallel tempering.

Figure 3.1(a) compares the log-likelihood of a 10 hidden unit RBM, using standard
SML, SML-PT with {10, 20, 50} parallel chains and our new SML-APT algorithm. We
performed 105 updates (followed by 2 · 104 steps of sampling) with mini-batches of size
5 and tested learning rates in {10−3, 10−4}, β learning rates in {10−3, 10−4, 10−5}. For
each algorithm, we show the results for the best performing hyper-parameters, averaging
over 5 different runs. Note that Fig. 3.1(a) plots training curves with respect to time:
as such it takes into account the added computational complexity of PT.

(a) Log-likelihood vs. Time (b) fu(i) and fu(β) obtained by SML-APT

Figure 3.1: (a) Comparison of training likelihood as a function of time for standard
SML, SML-PT with {10, 20, 50} chains and the proposed SML-APT (initialized with
10 chains). The increased ergodicity of SML-APT translates to model with increased
log-likelihood without the need to carefully hand-tune B. (b) fu statistics obtained
through SML-APT. We plot fu as a function of temperature index in blue to show that
SML-APT does indeed yield a linear fu(i). fu(β) is shown in red and illustrates how
temperatures pool around phase transition regions in order to minimize return time.

As we can see, standard SML fails to learn anything meaningful: the Gibbs sampler
is unable to cope with the loss in ergodicity and the model diverges. SML-PT on the
other hand performs much better. Using more parallel chains in SML-PT consistently

1w = [0.3314, 0.2262, 0.0812, 0.0254, 0.3358] and p = [0.0001, 0.0137, 0.0215, 0.0223, 0.0544]
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yields a better likelihood score, as well as reduced variance. This seems to confirm that
using more parallel chains in SML-PT increases the ergodicity of the sampler. Finally,
SML-APT outperforms all other methods and does so using only 20 parallel chains.
Unfortunately, its computational cost remains similar to SML-PT50. Optimizing SML-
APT remains the focus of future work. Also interesting to note, while the variance of
all methods increase with training time, SML-APT seems immune to this issue.

Figure 3.1(b) shows the flow statistics fu being optimized by SML-APT. The plot
fu(i), with respect to temperature index, is shown in blue: we can see that SML-APT
succeeds in adapting B such that fu(i) is linear in i. fu(β) is shown in red. We can
see that temperatures tend to pool around bottlenecks (i.e. phase transitions), in order
to counter dips in local exchange rates. [7] additionally shows that this leads to spikes
in local exchange rates around the bottlenecks, which lowers overall return time. In
contrast, SML-PT fails to capture this behavior and leads to lower, more uniform swap
rates.

3.1.4 Future Work

Future work on SML-APT will focus primarily on getting new experimental results in
the hopes of publishing a journal version of [7]. We would like to assess the performance
of our algorithm on natural datasets of increased complexity, as well as applying it to
more complex models which are known to suffer from bad mixing (such as the Spike &
Slab RBM [6]).

There is also considerable opportunity for reducing the computational complexity of
our algorithm. Currently, SML-APT requires a set of M parallel chains for every sample
in the negative minibatch Xt. Significant computational savings could be achieved by
leveraging Waste Recycling Monte-Carlo (WRMC) [9], which allows one to re-use re-
jected MCMC proposal states in the computation of expectations. If we denote by M∗

the number of chains which results in minimal return time between β1 = 1 and βM = 0,
we can envision the following two-pronged approach to temperature optimization:

• adapt chains with βi ∈ [1, βM ′−M∗ ] to have good swap rates with β1. the resulting
samples could then serve as the basis for estimating the negative phase gradient:
the sample average of Eq. (2.12) would be replaced by a weighted sum, with the
weights being determined by WRMC.

• chains with βi ∈]βM ′−M∗ , 0] would be adapted to minimize return time between
inverse temperatures βM ′−M∗ and βM ′ .

Such an approach would allow us to estimate the negative phase gradient without
using a mini-batch of M parallel chains, while still maintain good ergodicity in our
sampler.
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3.2 Tracking the Partition Function Through Learning

The relatively high swap rates afforded by SML-APT suggests that neighboring par-
allel chains (pi(x), pi+1(x)) have significant overlap. As seen in Sec. 2.4, this is the
basic requirement for computing ratios of partition functions. Additionally, the set
{βM = 0, · · · , β1 = 1} provides a natural path, for linking a model pM with a known
partition function ZM , to a model p1 whose partition function Z1 we would like to es-
timate. As such, SML-APT seems to provide a natural framework for estimating the
partition functions of RBMs. Additionally, since SML-APT already provides us with the
samples {xi,t ∼ pi,t(x); i ∈ [1,M ]}, computing the required importance weights would
be inexpensive, allowing us to update our estimates of Zi,t after each parameter update.

Tracking the partition function in such a way would open the door to a range of
possibilities: from more immediate applications like model selection and early-stopping,
to performing Bayesian inference in MRFs [34], as well as estimating parameters in
heterogeneous model (models involving both directed and undirected components) which
require that all partition functions be known.

3.2.1 Algorithm

Our partition function tracking algorithm relies on treating the sequence of log-partitions
ζ := {{logZ0,t, logZ1,t, · · · , logZM,t}; t ∈ [1, T ]} as one large graphical model, in which
each ζi,t := logZi,t is treated as a latent variable. Estimating the partition function
then amounts to inferring a new latent state ζi,t by considering the previous estimate at
t− 1 and conditioning on all possible sources of information. In this light, our tracking
algorithm can be seen as a variation on the Kalman filter.

AIS between learning iteration provides us with observation O
(∆t)
i,t , while applying

Bridge Sampling in between temperatures yields O(∆β)
i,t . Additionally, we can also treat

ζM,t and ζ:,0 as known quantities. Models pi,0 can be initialized with zero weights, a
model class for which the partition function can be computed trivially. Similarly, the
choice of βM = 0 ensures the tractability of ζM,:. The complete model is shown in
Figure 3.2.

Slowness Prior

Typically the parameters of a model change slowly during training; consequently, ζi,t
should also evolve slowly. This is especially true when using stochastic gradient descent,
the method of choice for RBMs. The directed link between ζi,t−1 and ζi,t encodes
the fact that ζi is slow changing. Specifically, we expect pi,t(v, h) and ζi,t to be close to
pi,t−1(v, h) and ζi,t−1 respectively. We follow the treatment of Neal [36] in characterizing
our uncertainty regarding ζi,t as a Gaussian distribution. We also characterize the
evolution of the partition functions as independent Gaussian processes. The probability
of vector ζt conditioned on ζt−1 is thus modeled as: p(ζt|ζt−1) = N (ζt−1,Σζ), with Σζ a
fixed diagonal covariance matrix.
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AIS Between Learning Iterations

This sequence of slowly changing distributions is reminiscent of the sequence of annealing
distributions used in AIS. Specifically, we can estimate the log-ratio of partition functions
between consecutive learning iterations as:

O∆t
i,t = log

{
1
N

N∑
n=1

w
(n)
i

}
≈ ζi,t − ζi,t−1 (3.2)

where w(n)
i are the annealed importance weights defined in Eq. (2.22). This justifies the

following conditional distribution: p(O(∆t)
t |ζt, ζt−1) = N (C[ζt, ζt−1]T ,Σ∆t), where C is

the matrix defined in Fig. 3.2. Σ∆t is again a diagonal covariance matrix whose elements
are updated online from the estimated AIS variance (Eq. 2.22).

Notice that in the notation of Fig. 3.2, we have augmented the state vector ζt with
an additional entry. This is to account for a systematic bias in O(∆t)

1,t , due to interactions
with the learning gradient.

Bridging the PT Gaps

Consider now the other dimension of our parallel tempered lattice of RBMs: tempera-
ture. While it is true that pi−1,t(v, h) and pi,t(v, h) have significant overlap (enough to
permit particle swaps), they are are not so close that simple importance sampling can
recover the difference of their log-partition functions. We thus turn to Bridge Sampling
and write:

O∆β
i,t = log

N∑
n=1

p∗

(
x

(n)
i−1,t

)
pi−1,t

(
x

(n)
i−1,t

) − log
N∑
n=1

p∗

(
x

(n)
i,t

)
pi,t

(
x

(n)
i,t

) ≈ ζi,t − ζi−1,t (3.3)

where p∗(x) is the distribution bridging pi−1,t and pi,t, defined in Sec. 2.4. This leads
us to define p(O(∆β)

t |ζt) = N (Hζt,Σ∆β), with H defined in Fig. 3.2. The diagonal
covariance matrix Σ∆β is updated through the variance formula of the Bridge Sampling
Estimate (Eq. 2.24).

In principle, the Bridge Sampler alone would be capable of arriving at an accurate
estimate of all ζi,t. Unfortunately, reducing the variance sufficiently to provide useful
estimates would require using a relatively large number of samples at each temperature.
Within the context of RBM training, the required number of samples at each of the
parallel chains would have an excessive computational cost. Fortunately, as described
in the next section, it is possible to combine multiple high variance partition function
estimates to achieve an accurate estimate.

Kalman Filtering of the Log-Partition Function

Estimating the log-partition functions corresponds to inferring all latent states ζt, con-
sidering the statistical estimates O∆t

t and O∆β
t as observed quantities, used to refine
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1,t

O∆t
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ζM,t−1 ζM,t

ζ2,t

ζ1,tζ1,t−1

ζ2,t−1

btbt−1

System Equations:

p(ζ0) = N (µ0,Σ0)

p(ζt | ζt−1) = N (ζt−1,Σζ)

p(O(∆t)
t | ζt, ζt−1) = N (C[ζt, ζt−1]T , Σ∆t)

p(O(∆β)
t | ζt) = N (Hζt,Σ∆β)

C =

 IM−1 −IM−1

1
0
...
0



H =


−1 +1 0 0 0

0 −1 +1 0
... 0

. . . 0
0 0 0 −1 +1 0



Figure 3.2: A directed graphical model for partition function tracking. The shaded nodes
represent observed variables, and the double-walled nodes represent the analytically
tractable ζM,: with β = 0 (infinite temperature). For clarity of presentation, the graph
shows the bias term as distinct from the other ζi,t, recall bt = ζM+1,t

the joint distribution over the log partition functions. Denoting Ot−1:0 as the vec-
tor of all past observations, we begin the inference process with our previous estimate
p(ζt−1|Ot−1:0) and proceed as follows:

1. We determine the joint distribution p(ζt, ζt−1|Ot−1:0) = p(ζt|ζt−1)p(ζt−1|Ot−1:0).

2. We then incorporate O(∆t)
t through Bayes rule, yielding p(ζt, ζt−1|O(∆t)

t , Ot−1:0).

3. Now that the AIS estimate has been incorporated, we can trivially marginalize
over ζt−1 to find p(ζt|O(∆t)

t , Ot−1:0).

4. Finally, we incorporate O(∆β)
t through Bayes rule, yielding p(ζt|Ot:0).

3.2.2 Current Results

We now present experimental results, using our partition function tracker. These were
the topic of a recent submission to the Twenty-Fifth Annual Conference on Neural
Information Processing Systems.

29



0 50 100 150 200 250 300
Updates (x1e3)

210

200

190

180

170

160

150

140

Li
ke

lih
o
o
d
 (

n
a
ts

)

µi =0.001 α=1e3

µi =0.001 α=1e4

µi =0.001 α=1e5

Exact

AIS

Kalman

0 50 100 150 200 250 300
Updates (x1e3)

210

200

190

180

170

160

150

140

130

Li
ke

lih
o
o
d
 (

n
a
ts

)

µi =0.010 α=1e3

µi =0.010 α=1e4

µi =0.010 α=1e5

Exact

AIS

Kalman

Figure 3.3: Comparison of exact test-set likelihood and estimated likelihood as given by AIS
and our tracking algorithm. We trained a 25-hidden unit RBM for 300k updates using SML,
with a learning rate schedule µt = min(µi α

t+1 , µi), with (left) µi = 0.001 and (right) µi = 0.01
varying α ∈ {103, 104, 105}.

Comparing to Exact Likelihood

In this section, we compare the performance of our tracking algorithm to the exact
likelihood, obtained by marginalizing over the hidden units. We chose 25 hidden units
and trained on the MNIST dataset [27] for 300k updates using an adaptive learning rate
µt = min(µi α

t+1 , µi), for various initial learning rates µi and annealing coefficients α.
The main results are shown in Figure 3.3.

In Figure 3.3(a), we can see that our tracker provides a very good fit to the likeli-
hood for a base learning rate of µi = 0.001 and decrease constants α in {103, 104, 105}.
Increasing the base learning rate to µi = 0.01 in Figure 3.3(b), we maintain a good
fit up to α = 104, with a small dip in performance at 50k updates. Our tracker fails
however to capture the oscillatory behavior engendered by too high of a learning rate
(µi = 0.01, α = 105). It is interesting to note that the failure mode of our algorithm
seems to coincide with an unstable optimization process.

Comparing to AIS for Large-scale Models

We now test the performance of our tracking algorithm on larger models, where exact
computation of the likelihood is no longer possible. Our baseline for comparison is thus
AIS2. Our models consisted of RBMs with 500 hidden units, trained using SML-APT
[8] on the MNIST and Caltech Silhouettes [31] datasets. We performed 200k updates,
with learning rate parameters µi ∈ {.01, .001} and α ∈ {103, 104, 105}.

On MNIST, AIS estimated the test-likelihood of our best model at −94.34 ± 3.08
2Our base AIS configuration was 103 chains spaced linearly between β = [0, 0.5], 104 chains for

the interval [0.5, 0.9] and 104 between [0.9, 1.0]. We report the estimated logZ by averaging over 100
annealed importance weights.
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Figure 3.4: (left) Kalman filter measurements O(∆t)
t , O(∆β)

t and estimate ζt during training.
Note that O(∆t)

t represents the estimated likelihood change between consecutive gradient up-
dates. “bias b” shows the estimated bias on O(∆t)

t , induced by the gradient updates. Both green
curves correspond to the right-hand axis. Point estimate of the partition function as given by
AIS. The confidence interval at three standard-deviation of the AIS value at 200k updates was
measured to be 3.08. (right) Example of early-stopping on dna dataset.

(where ± indicates the 3σ confidence interval), while our tracking algorithm reported
a value −89.96. On Caltech Silhouettes, our model reached −134.23 ± 21.14 according
to AIS, while our tracker reported −114.31. To put these numbers in perspective,
Salakhutdinov and Murray [45] reports values of −125.53, −105.50 and −86.34 for 500
hidden unit RBMs trained with CD-1, CD-3 and CD-25 respectively. Marlin et al. [31]
report around −120 for Caltech Silhouettes, again using 500 hidden units.

Figure 3.4(a) shows a detailed view of the Kalman filter measurements and its output,
for the best performing MNIST model. The figure overlays two plots. On the left y-axis,
we show the posterior distribution p(ζt|Ot:0) in red, along with the unfiltered estimate
offered by bridge sampling alone in blue. We run the full AIS procedure every 50k
updates and overlay the resulting estimate in black. On the right y-axis, we plot O(∆t)

0,t

in green, along with its estimated bias bt. We can see that the variance on O(∆β)
t (bridge

sampling estimate) grows slowly over time, which is mitigated by a decreasing variance
on O

(∆t)
t . As the model converges and the learning rate is decreasing, Mt−1 and Mt

become progressively closer and the “learning path” AIS estimate becomes more robust.

An important point to note is that a naive linear-spacing of temperatures yielded low
exchange rates between neighboring temperatures, with adverse effects on the quality of
our Bridge Sampling estimates. As a result, we observed a drop in performance, both
in likelihood as well as tracking performance. Adaptive Tempering [8] proved crucial
in getting good tracking. Temperatures were thus automatically tuned to maximize
the flow of particles between extremal temperatures. This has the effect of increasing
the overlap between adjacent distributions pi,t, pi+1,t, yielding better bridge sampling
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Dataset RBM RBM-25 NADE
Kalman AIS

adult -15.24 -15.70 (± 0.50) -16.29 -13.19
connect4 -15.77 -16.84 -22.66 -11.99
dna -87.97 -88.51 (± 0.97) -96.90 -84.81
mushrooms -10.49 -14.68 (± 30.75) -15.15 -9.81
nips -270.10 -271.23 (± 0.58) -277.37 -273.08
ocr letters -33.87 -31.45 (± 2.70) -43.05 -27.22
rcv1 -46.89 -48.61 (± 0.69) -48.88 -46.66
web -28.95 -29.91 (± 0.74) -29.38 -28.39

Table 3.1: Test set likelihood on various datasets. Models were trained using SML-PT. Early-
stopping was performed by monitoring likelihood on a held-out validation set, using our running
estimate of the partition function. Best models (i.e. the choice of hyper-parameters) were then
chosen according to the AIS likelihood estimate. Results for 25-hidden unit RBMs and NADE
are taken from [22], and appear simply to provide context. X(±3σ) indicates the [X−3σ,X+3σ]
confidence interval.

estimates.

Early-Stopping Experiments

Our final set of experiments highlights the performance of our algorithm on a wide
variety of datasets. Their use was motivated by their recent inclusion in [22]. Model
selection was done using grid-search, based on validation set performance. Because of
tracking, our algorithm afforded us the ability to perform early-stopping, the advantages
of which are highlighted in Fig. 3.4(b).

We tested parameters in the following range: number of hidden units in {100, 200, 500, 1000}
(depending on dataset size), learning rates in {10−2, 10−3, 10−4} either held constant
during training or annealed with constants α ∈ {103, 104, 105}. For tempering, we used
10 fixed temperatures, spaced linearly between β = [0, 1]. SGD was performed using
mini-batches of size {10, 100} when estimating the gradient, and mini-batches of size
{10, 20} for our set of tempered chains (we thus simulate 10×{10, 20} tempered chains
in total). As can be seen in Table 3.2.2, our tracker performs very well compared to the
AIS estimates and across all datasets. Efforts to lower the variance of the AIS estimate
proved unsuccessful, even going as far as 105 intermediate distributions.
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Chapter 4

Better Features Through Richer
Models

This material has been redacted as it discusses future research directions, which will
serve as the backbone of my Ph.D. thesis.
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